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in the class of all monic polynomials of degree n. The goal of this 
paper is twofold. On one hand, we discuss how to balance both terms 
of this inner product, that is, how to choose a sequence (A„) such that 
both measures no and /Lti play a role in the asymptotics of (S'„.a„) ■ On 
the other, we apply such ideas to the case when both /io and /zi are 
Freud weights. Asymptotics for the corresponding S'ri,A„ are computed, 
illustrating the accuracy of the choice of An . 
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Abstract 



Let /iQ and /ii be measures supported on an unbounded interval 
and Sn,\„ the extremal varying Sobolev polynomial which minimizes 
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1 Introduction 



One of the central problems in the analytic theory of orthogonal polynomials 
is the study of their asymptotic behavior. In this paper we are concerned 
with the asymptotic properties of Sobolev orthogonal polynomials, that is 
polynomials orthogonal with respect to an inner product involving deriva- 
tives. In this sense, given /xq ^-nd //i finite Borel measures supported on an 
interval I C M and A > we consider the Sobolev inner product 

{P,Q)x = J PQdfio + X J P'Q'dfii (1) 

in the space of all polynomials with real coefficients. 

We denote by Pn,^^Q■, Pn,fii and Sn,x the corresponding monic polynomials 
orthogonal with respect to fio, fii and (•, •)a; respectively. 

Let fiQ and fii be measures compactly supported on M. Whether (/io, /Ui) 
is a coherent pair, which means that there exist nonzero constants o"„ such 
that the corresponding monic polynomials satisfy for each n 



pf pi 

p _ ^ n+l,/Jo n,^o 

n + 1 n 



n 

or, if and /Ui fulfill much milder conditions, i.e., they belong to the well 
known Szego class, it has been established (see [S] and [5]) that the ratio 
asymptotics 

lim — — = —ri—r 



holds uniformly on compact subsets of C\ [— 1, 1], where (p{z) = z + Vz"^ — 1 
with \/ z'^ — 1 > when z > 1. In other words, the measure /xq does not 
appear explicitly within the asymptotic expression. 

Nevertheless, a closer look at the inner product ([1]) explains the "dom- 
inance" of the measure /ii in the asymptotics: the derivative makes the 
leading coefficient of the polynomials in the second integral of ([T]) be multi- 
plied by the degree of the polynomial. Thus, if we want both measures to 
have an impact on the behavior of the polynomials for n ^ oo, it seems nat- 
ural to "balance" the inner product, that is, to compensate both integrals 
by introducing a varying parameter A^^ . 

In a general framework, we consider the varying Sobolev inner product 
(P, (5)a„- We denote by Sn,\„ the monic polynomial which minimizes the 
expression {Qn, Qn)x„ in the class of all monic polynomials Qn of degree n. 
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Concerning the choice of the varying parameter A„, it is interesting to 
write the expression of the Sobolev inner product in terms of monic polyno- 
mials, that is 



{Qn,Qn)x„= JiQnfdflo + Xnn^ I (^^^ df^L (2) 

In this expression each integral in the right hand side is bounded from below 
by / P^^^^dnQ and / P^_^^^_^ d^i, respectively, as long as Q„ is a monic 
polynomial of degree n. 

If the measures //q and fii are supported on the same bounded inter- 
val where they satisfy the Szego condition, then J -P^^^^ dfiQ behaves as 

/ ^n-i m df^i^ when n — > oo. More precisely, the ratio J — has a 

J Pn-i,f,i dm 

limit. Therefore, in order to balance both terms in ([2|) it is natural to keep 
An bounded. 

In fact, it was proved in that if (A^^ ) is a decreasing sequence of 
positive real numbers such that lim„ A„ G (0, +00) then 

Mm %M = 1 

locally uniformly in C \ [—1, 1], where {Rn) is the sequence of monic poly- 
nomials orthogonal with respect to a measure constructed as a certain com- 
bination of the measures and fii . 

Let us consider now that the measures //q and fii are supported on an un- 
bounded interval. There are many asymptotic results (strong asymptotics) 
for the monic polynomials Sn,x orthogonal with respect to the inner product 
([1]) for a fixed A; see for instance [2] and [11] for coherent pairs, [3] and [4j 
for Freud weights and, more recently, the survey [7]. But as far as we know, 
nothing has been said about asymptotics in the balanced case. In this sense, 
the first question that should be answered is: what is the appropriate choice 
for the sequence (A^)? We understand by this a sequence of parameters for 
which polynomials Sn^\„ exhibit a nontrivial asymptotic behavior, depend- 
ing on both measures and ^ui. One of the goals of this paper is to raise 
that An, = is not, in general, the right choice when the support of hq 
and III is unbounded. 

The structure of the paper is as follows. In Section 2, we use heuristic ar- 
guments, based on potential theory, about the "size" of A„ in order to achieve 
an appropriate "balancing". In this sense, the Mhaskar-Rakhmanov-Saff 
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numbers turn out to be a powerful tool. On account of the above results, in 
Section 3 we obtain asymptotics for Sobolev polynomials and their norms 
for a particular case of Freud weights, which illustrates that the choice of 
A„ is accurate. 

2 Selection of the parameters 

We point out some heuristic reasonings about the asymptotic behavior of 
the parameters A„ in order to balance both terms in the varying Sobolev 
inner product {P,Q)x„- 

Firstly, we recall some basic tools from the classical potential theory with 
external field which will be used later on. 

Let /i be a probability measure with support in a closed set S of the 
complex plane. Recall that, the logarithmic potential associated with fj, 
is defined by V^{z) = — J log\z — t\ dfi{t). Let us assume that w{z) = e"*^*^^^ 
is an admissible and continuous weight function in S. It is well known that 
there exists a unique probability measure /i^ , called extremal or equilibrium 
measure associated with w, minimizing the weighted energy: 

IM = JjV^'{z) + 2Q{z)) dfi{z) 

for all probability measures with support in S. This measure //^ is compactly 
supported and there exists a constant Fuj (the modified Robin constant of 
S) such that V'^^{z) + Q{z) = Fuj quasi-everywhere on supp(//^), see [HI 
Theorem 1.3, p. 27]. Moreover, if Q is an even function with some additional 
properties it can be deduced that 

ll'»^'^Qn||L^(S) = lk"Qn||Loo(supp{AJ»)) 

for every polynomial Qn of degree < n, see p3 . p. 203]. As a straightforward 
application of these results, we can obtain for weighted polynomials a sym- 
metric compact interval on which its supremum norm lives, more precisely, 
we have 

l|w^Qn||L^(E) = \\wQn\\Lao(han,an]) 

for every polynomial Qn of degree < n. The number a„ (n > 1) is the so- 
called n-th Mhaskar-Rakhmanov-Saff number for Q, that is, the positive 
root of the equation 

2 f^antQ'iant) 

n = — / , — at . 

vr Jo 
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The link between the equihbrium measure and the asymptotics of or- 
thogonal polynomials is given by the following observation: for a polynomial 
Qn{z) = {z - ci){z - C2) . . . {z - Cn) we Can write log \ Qn{z)\ = -nV'^"{z) 
where I'n is the normalized counting measure on the zeros of Qn, that is, 

= ^Er=i'5c,. Then |«;"(z)Q„(z)|V- = e-(^-W+QW). 

If we denote by T^^^ the n— th weighted monic Chebyshev polynomial 
corresponding to w, that is, the solution of the extremal problem 

inf{||^i;«g„||^^(2);Q„(z) = z" + ...} 

then 

lim II?;;" T W^^"' — e'^"" 

see [m Theorem 3.1, p. 163]. 

Keeping in mind our balance problem, we are interested in the asymp- 
totic behavior of the L2-norm in [—1, 1] with varying weights. Since 



lim 

n— ►00 



nil \ 1/" 

F Qn\\L^([-l,l]) \ 
Ik" Qn||L2{[-l,l]) 



for every polynomial of degree n, (see [15, Theorem 3.2.1, p. 65]), the asymp- 
totic extremality of Qnll^j^j.^ can be thought as the corresponding 

111 /n 

one of \\w'^ QnWi^ ([-II])' ^&ct, if we denote by Pn,w" the solution of the 
extremal problem 

inf{||?i;"Q„||i2([-i,i]); Qni^) = + . . . } 
it can be deduced (see [151 Theorem 3.3.3, p. 78]) that there exists 



^From now on, fn{x) ~ gn{x) in a domain D will denote that there are 
positive constants Ci, C2 such that Cign{x) < fn{x) < C2gn{x), for all 
X G D and n large enough. 

In relation with our problem, we consider the varying Sobolev inner 
product (•,-)a„ where d^i = W'^{x)dx^ i = 0, 1. Here, we assume that 
W{x) = e~*^^^^ is a weight function where Q : I = (— c, c) — > [0, +00) is 
a convex, smooth, and even function with Q{c~) = +00 = Q((— c)"*") and 
Q{x) = only for x = (we take Q an even function for simplicity). For 
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these weights W, see [3 Theorem 4.1, p. 95], the L2-norm on / for weighted 
polynomials is asymptotically equivalent to the L2~norm on a compact in- 
terval. More precisely, 

\\W Qn\\L2([-a„+i,a„+i]) < \\W Qnh^il) < ^ \\W Qn\\L2([-a„+i,ar,+i]) (4) 

holds for every n and every polynomial Qn with degree < n, where a„ are 
the Mhaskar-Rakhmanov-Saff numbers associated with Q. 

^From Q , we deduce that for every polynomial Qn (x) = x" + . . . 

{Qn,Qn)x„ (5) 

/a.n+1 r(in + i 

Ql{x) W'^{x) dx + Xn {Q'nix)) W^{x) dx 

■a,n+i J —an+1 

= dn+l 
— "-n+l 



t)dt + Xn {Q'^{an+it)yW^{an+it)dt 
1 J -I 

C Ul{t) W''{an+it) dt + /' V?,_^{t) W^{an+it) dt 

J-1 J-1 



where Un and Vn-i are monic polynomials of degree n and n— 1, respectively. 

Observe that ([5]) remains true if we take dfn = LiW'^{x) dx, i = 0,1, 
where Lq and Li are any positive constants. At first sight, the presence of 
the constants Li could seem irrelevant but in the next section it will allow us 
to give an alternative reading to explain why our selection of is accurate. 

Therefore, in order to balance both terms in ([5]) it is reasonable to require 
the following: 

i) Xn r? ~ a\^^ . 

ii) the asymptotic extremality of the L2{W'^ {an+i^\ [— l,l])-norm for 
monic polynomials of degree n behaves as the corresponding one of 
degree n — 1. 

The previous results about potential theory lead us to think that a suf- 
ficient condition to get ii) is 

T^i/"(a„+it) ~ VtG(-l,l) (6) 

where w is an admissible and continuous weight function. 

Concerning the choice of the parameters A„ observe that, when the sup- 
port of the measures \xq and \i\ is unbounded, the size of as is not 
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the right one, in general. If the weight satisfies ([6]), the choice of the param- 
eters depends on the distribution of the measure W^{t)dt, that is, on the 
corresponding Mhaskar-Rakhmanov-Saff numbers. 

We would like to point out that these ideas can be also applied in a 
more general framework. Indeed, consider a Sobolev inner product with 
two different weights, Wq and Wi, which are linked in such a way so that 
can be expressed in terms of only one weight (either Wq or Wi) 
satisfying condition ([6]). Actually, important examples in this situation are 
the Hermite coherent pairs. Notice that if the pair of measures (VFq,VF^) 
constitutes a Hermite symmetrically coherent pair (see [2] and [H]), then 
either 

I: W^(x) = {x^ + a^) e-^'" and Wf{x) = e"^", a G M , or 

II: W^(x) = e"^" and W?(x) = -4 a G M \ {0}. 

x^ + 

In both cases we have 



{Qm Qn) 



[Qlix)ix'^ + a^)] W^ix) dx + Xn [ (Q'„(x))^ W^ix) dx, 

Jm. 



and it is not difficult to check that 



- f Ul^,{t)Wl{a^^,t)dt + ^ f Vl,{t)Wt{a^^,t)dt, 

«„+2 -^-1 J-l 

where in each case are the Mhaskar-Rakhmanov-Saff numbers for the 
corresponding weight Wi, and Un+i and Vn-i are monic polynomials of 
degree n + 1 and n — 1, respectively. 
Since — ^ — > a/2, observe that 

lim Wl''^{an+2t) = e-'\ Vt G (-1, 1) 

n— +00 

and therefore, according to the theory stated above, the adequate choice of 
\n should be ~ a^_,^2^^^- other words, A„ ~ constant. Hence, it can 
be said that the Hermite-Sobolev coherent inner products are self-balanced. 



3 Freud— Sobolev orthogonal polynomials 

We are going to test the arguments developed in the previous section for the 
case of a Sobolev inner product related to Freud weights. The simplest exam- 
ple corresponds to Wq{x) = Wf{x) = , but this is a trivial case since for 
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any choice of A„ the Sobolev orthogonal polynomial Sn.\„ is the n-th monic 
Hermite polynomial. In this section, we show asymptotics for the Sobolev 
orthogonal polynomials with W'^{x) = Wq{x) = Wf{x) = exp(— x"^). 

Throughout the section, (Pn)n>o denotes the sequence of monic polyno- 
mials orthogonal with respect to the weig ht W'^, II • II stands for the L^{W^)- 
norm, and Sn,x„ is the monic polynomial which minimizes 

(Qn,Qn)A„= / Qlix)WHx)dx + Xn [ {Q'j\x)W\x)dx 

in the class of all monic polynomials of degree n. 

The Mhaskar-Rakhmanov-Saff numbers for W{x) = exp(— satisfy 
a„ ~ n^/^ and therefore condition ^ holds for W. As we have explained in 
Section 2, to balance this Sobolev inner product we must take A„ n? ~ a^_|_i, 
that is, Xn like n~^^'^ when n ^ oo. 

Next, we study the asymptotic behavior of the ratio " showing that 

the choice of provides the reasonable one in a sense we will explain 
later. For technical reasons some additional constraints should be imposed 
on parameters A„, so we deal with a decreasing sequence (A„) of positive 
real numbers such that 

lim n^/'^Xn = L£[0, +00] , (7) 

n— >oo 

and 

lim n'/\Xn-2 - A„) = = lim n^/^ - l) . (8) 

n— >oo n— >oo y An I 

Notice that the sequence An = n~^/^ satisfies ^ and ([8]). 

Proposition 1 Let (A„) he a decreasing sequence of positive real numbers 
which satisfies —>■ 1 and n^^'^Xn —>■ L £ [0,+oo]. Then 



k[L) := hm --—r^ 



where ^p{x) = x + — 1. 



1 if L = 

2L f20L±3V3\ ,/0<L<+OO (9) 



+CXD if L = +00 . 



Proof. We consider the Fourier expansion of the polynomial P„ in terms 
of the basis {Sm,\„)m>o- Because of the weight e~^ is a symmetric function 
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we have 



where 



n-2 



Pn{z) = Sn,\„{z) + ^aj{Xn)Sj^xAz) 
j=0 



— e \ ~ /Q Q \ , u ^ J ^ Ai, z. 

Since the orthogonal polynomials P„ satisfy the following structure re- 
lation, (see [12]), 



P;(z) = nP„_i(z) + J^P„_3(z) 

Ik 71 — 3 II 



(10) 



the coefficients aj(A„) vanish for < j < n — 2 .. For j = n — 2 we get 



an-2(An) 



4 (n-2) A„||Pnf 

(5'n-2,A„) 5'n-2,A„)A„ 



(11) 



and therefore 



P,,(z) = 5'„,A„(^;) + a„_2(A„)S'„_2,A„(2;), n > 3. 



(12) 



^Prom now on, we wih write Km(A„) = {Sm,x„, Sm,\„)x„, n,m>0. 



Now, observe that (|T2|) leads to 

Kn{Xn) = {Pn — 0:n-2(Xn)Sn-2,X„, Pn — Oin-2{Xn)Sn-2,X„) X„ 

{Pn - OLn-2{Xn)Sn-2,X„f + [P'n " "n-2(An)5'^_2,A„) ' 



e ^ dx. 



Then, using (jlOp and the orthogonality of P„ with respect to the weight 
function , we have: 



i^n{K) = \\Pn\\ A„ ||P„_i|| - 8(n - 2) A„a„_2(A„) ||P„ 



IP, 



+ 16 '^n II „ " no + an-2(-^n) «^n-2(A„) . 



P 



n— 3 I 



Taking into account the value of a„_2(A„) given by pT]) . we get 



Kn(An) = ||Pnf Bn{\n) - A(A 



^ ||^n-2|P 
'tn-2(An-2) 



, n > 3, (13) 
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where 



An{Xn) = IQXn^ (n - 2 



|2 '^n-2(An-2) ||^n|P 



Bn{K) = 1 + A„n' 



II P l|2 II p ||2 

2 ll^n— 1 II , -1 ^ \ ll-' n I 



+ 16A„ 



IP „II2- 

r). 



\Pn\\" ll-'^n-Sl 

Next, we study lim„ Bn{\n) and lim„ A„(A„). First, recall that the poly- 
nomials Pn satisfy (see [12j) 



lim 



V^\\Pn-lf 



n— >oo ||-fn|P 



2\/3. 



(14) 



On the other hand, lim — " = 1. Indeed, from the assumptions 

n^oo K„_2(A„) 

on An and using the extremal property of the norms of monic orthogonal 
polynomials, we have 



«^n-2(An) < K„_2(A„_2) < (5'n-2,A„ , 5'n-2,A„ ) A„_ 



'Vn-2 
An 



An-2 



15, 



ra— 2,An 



+ Anll^ 



ll^?i-2,A„ 



, A„_2 N 

S — T Hn-2\.^n)- 



Since ^ 1, it follows 



'«n-2(An-2) , 
^™ 7V^ = ^• 



(15) 



Firstly, let us suppose that < L < +oo. Then from (jl5p and (|14p we 
deduce that 

lim S„(A„) = 1 + ^\/3L, and lim ^„,(A„) = ^L^. (16) 
To obtain Q observe that denoting s„ = Kn(Ara)/||i'n|P) (USD becomes 



Sn — Bn{Xn) — j4„(A„)- 



Sn-2 



(17) 



Writing (|17p for even indices and introducing a new sequence (g^) by means 
of Qn+i = S2n(lni the above difference equation becomes 

(In+l — B2n{X2n)(ln + ^2n(A2n)'7n-l = 0, 

whose characteristic equation 



.2 /l + ^^^')„+4^2^o 



(18) 
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has two simple and real roots with distinct moduli. Thus, Poincare' s The- 
orem (see, e.g., [10]) assures that ^""'"^ = S2n converges to a root of ([18]). 

The extremal property of the norms yields 

(A„) > ||P„|r + \nn^\\Pn~l\\ , 

and therefore, using ([1] 



IIP IP 

I = lim S2„ > 1 + lim A2n(2n)^ " ,, ^"'^ = 1 + 2V?>L. 

n— >oo n^oo 2n 

So, it follows easily that / = ^ 9 + 20\/3 L + \/768L2 + 360\/3L + 81 

2L 20L+3v^ 



Notice that, if L G (0, +oo), then / = ^ i^l 

In a similar way, we also prove that S2n+i converges to /. As a conclusion, 
there exists lim„ = I = k{L), and so for L G [0, +oo) the Proposition 
follows. 



To finish the proof, let us now assume that L = +oo. From (jlSp and ([T 
we have 

MK) 4 i?.(AJ _ 20 

illli — — dllU. lllil / — V O. 

(A„n3/2)2 3 „_ooA„n3/2 9 

Upon applying the same technique as in the case L < +oo and replacing Sn 
by s„/(A„ 71'^/^), we obtain 

lilXl _ jjj-j^ ^n(An) _ ^]^g^ 

Clearly, "'^ — > +oo when n tends to infinity and we conclude our state- 

1 1 " 1 1 

ment. □ 

The main result of this section is the following: 

Theorem 1 Let (A„) be a decreasing sequence of positive real numbers such 
that lim„ n'^/^{Xn-2 - A„) = = lim„ n^^ - l) . // 

lim n^/^An = L e [0,+oo], 
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then 



lim 

n^oo Pn{z) 



1 



1 - 

[3/2 



. 20L+3V3 
V' \ 12L 



if L = 
— if < L < +00 

if L = +00 , 



holds uniformly on compact subsets ofC\R. 

Remarks. 1. The choice A„ = constant, which corresponds to a non- 
balanced inner product, is a particular case of L = +oo, and then Theorem 
[1] recovers the result already obtained in [3]. 

2. When L G (0, +oo) the above result has also the following reading. 
Write 

{P,Q)x^= [ P{x)Q{x)W\x)dx + Xn [ P'{x)Q\x)[LW\x)]dx. 
If A„ = n~^/^(l + o(l)) then lim " depends on L, that is, on the ratio 

n^oo P^ 

of the weights. 

However, for any other choice of A^'s the dependence on L disappears, 
in particular for A„ 



n 



(the right choice in the bounded case) and for 
A„ = constant (the non-balanced case). This shows that our selection of A^ 
is accurate since the asymptotic behavior of Sobolev orthogonal polynomials 
Sn,\n depends on both measures. 

To prove Theorem [T] we will use the following result on the strong asymp- 
totics of Pn which appears in [61 Section 3]: 



Pnjz) Dnjz) 
n-cio ||P„|| (^"+1/2 (^/a„) 



lim 



27r 



(20) 



uniformly on compact subsets of C\M. Here, are the Mhaskar-Rakhmanov- 
Saff numbers associated with the weight function W, (p{z) = z ■ 



' + Vz^ 



1 is 



the conformal mapping from C \ [—1,1] onto the exterior of the unit circle, 
and 



Djz) 



exp 



\J z'^ — a. 



2tx 



-t" 



(z-t)^ 



t2 



zdt\, z £C \ [-an, an]. 

(21) 
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We would like to remark that, for z G C \ [— a„, a^], 

\<f{z/an) ) 

where W'^ is the weight function on the unit circle T defined by 
Wl{e'^) = VF2(a„cos^), [-vr,7r], 

and 

It is well known that D{.,W^) is holomorphic in the open unit disk D, 
belongs to the Hardy space ff^(D), and satisfies: 

(1) D{w, Wl) / 0, for -u; G B 

(2) D{^,Wl)>^ 

(3) for almost every Q in the unit circle, !)(., PF^) has nontangential bound- 
ary values L>(C, Wl) such that |L»(C, VF^)^ = 

(see, for instance, jl3]). 

Next, we prove a technical result that will be also used in the proof of 
Theorem [TJ 

Lemma 1 Assume that the sequence (An) satisfies the same conditions as 
in TheoremUl then 

hm — — = 0, 

uniformly on compact subsets o/C \ M. 

Proof. On account of (j20p . it suffices to prove that 



uniformly on compact subsets of C \ M. To see this we will prove: 
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i) for every compact set X in C \ M, there exists a constant Mk, not 
depending on n, such that for n large enough 



sup 



Dn{z) 



< Mxan 



Pn\\ip^+y^{z/an) 



and 



hm a„ 

n— »oo 



\Pn\ 



|gn,A„,2(x) - Sn,xSx)? 

IIP IP 

-t r>.\\ 



W'^(x)dx, 



W'^{x)dx = 0. 



The key idea to prove i) is to use the conformal mapping ip{z/an) which 
apphes C \ [— a„,an] onto O = {z G C; \z\ > 1}, and the Cauchy integral 
representation for functions in H^{Q). Here, H'^(Q) denotes the space of 
analytic functions / in J7, with limit at oo and such that /(^) belongs to the 
Hardy space i?'^(B). From the Cauchy integral representation for functions 
in H'^i'D), see [15], we have that if / e H'^{Q) then 



no w 

2m J\c\=i C-w C 



(22) 



where /*(C) = linir\i f{fC) ^-nd the unit circle is positively oriented. 

In order to prove i), given a compact set X in C \ M, there exists an 
absolute constant Ck > such that 



Iv^ 



T'1\>Ck, yzGK, Vn>0. 



Therefore, if z £ K, 



D 



|P„||99-+V2(2/a,) \^{z/an) 



< 



1 

1 



WPj^^+y^z/an) 

Fniw)\ 



D 



1 



(p{z/an)' " 



where 

Fn{w) 



(5, 



n,A„ 



-Sn,xJ{an^ Hw)) j.( }_ ^2 



OnV ^{w)Y - 1, 
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with w = ip{z/an)- 

It is easy to check that Fn G -ff^(Jl) and its boundary values are 

{Sn,\„.2 -Sn,\n?{an COS 9) 



F^{e ) = ||p^||2g^(2n+i)e ^ 0)a„ Vcos2 ^ - 1. 

Moreover, if we denote by Kn = {(/3(z/a„); z G ii'}, straightforward 
computations yield that there exists an absolute constant Ak > such that 
the distance between Kn and the unit circle satisfies d{Kn , T) > Ak / an for 
n large enough. Then, from the integral formula (j22p applied to -F„ we have 
for w G Kn 



\Fn{w)\<BKan [ \F:iC)\\dC\ 
J|C|=i 



„ r (5'n,A„_2 - 'S'n,A„)^(an C0S6') 2/ n\ I /)| j/) 

= BKan I 2 ^ [an COS d) an\ sen i)\aO 

J -IT II -"nil 

= 2BKan I ||-5-|j2 W [x) dx, 

J —an Ik "11 

where Bx is an absolute positive constant depending only on K. So i) is 
proved. 

In order to deduce ii), observe that 

/ \Sn,\n-2{x) - S'„,A„(x)pT^2(x) dx < {Sn,X„_2 - Sn,X„, Sn,X„_2 - 5'„,A„)a„ 

Jm. 

— ('S'n,A„_2' '^n,An-2)A„ ~ ('S'n,A„ ) 'S'n,A„ ) A„ 

= K„(A„_2) + (A„ - A„_2) / IS^ A„_2(^)l^ ^^(^) ~ '^"(-^'^) 

JR 

< Kn{^n-2) — Kn{Xn)- 

Therefore, for every n we get 

J— an 1 1 -'nil Ik nil 

TT 11 • 1/4 -J. • 1 J. j-i- J. 1/4 '^n(A„_2j — K„(Anj 

Imally, smce a„ ~ n ' it is enough to prove that n ' --^ 

1 1 -^n 1 1 

tends to when n tends to infinity. Indeed, since 



< KniXn-2) - UniK) < ( 1 - ) Kn{Xn-2) 
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we have 

ll^nP ~ V A„_2y ll-PnP /^nCAn) 

Now, taking into account that hm„ = 1, it suffices to keep in mind 

Proposition [U ([5]), and to conclude ii) and therefore the proof of the 
Lemma. □ 

Proof of Theorem [Tl The algebraic relation between the polynomials Pn 
and the Sobolev polynomials given by (jl2p can be rewritten for Xn-2 as 

Pn{z) = 5n,A„_2(^) + an-2{K~2) Sn-2,X„^2i^) 

= Sn,\Az) + Sn,\„^2iz) - Sn,X„{z) + an-2{K-2) Sn-2,X„^2i^)- 

Then, dividing both hand sides of the above expression by Pniz), we obtain 

fniz)=bniz)fn-2iz)+Cniz), zeC\R (23) 



where 



r I N Sn,\Sz) , . (\ \ Pn-2{z) 

Uz) = = -a._2(A„_2) -p-^.. 



Cn{z) = 1 



Pn{z) 



Firstly, we study the limits of the sequences {hn{z)) and {cn[z)). As a 
consequence of Lemma 1 we know that 

lim Cn{z) = 1 
n— >oo 

uniformly on compact subsets of C \ M. 

With regard to (6„(z)), if L G [0,+oo) from Proposition [1] and ([I 



a„_2(A„-2) 2)3/2. Il^n-2f ll^nf ^ L 



V^T^ ' ' K„_2(A„_2)(n-2)||P„_2P 3k(L)' 

Moreover, for the monic polynomials P„ it is known, (see [6j), that 



lim 



n^oo -Pn(-2 



uniformly on compact subsets of C \ M. Both results lead to 



lim hn^z) 



V3k{L) 



if L = 

if < L < +00 



20 L+3V3 
^\ 12L 
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uniformly on compact subsets of C \ M. In the case L = +00, using formula 
([19]) we get lim„ hn{z) = 1/3, uniformly on compact subsets of C \ M. 

Finally, observe that the functions 6„ and c„ are analytic in C \ 
M. Since for L G [0, +00] we have lim„6„(2;) = 6^, with < 1, and 
lim„ Cn{z) = 1 uniformly on compact subsets of C \ M, we can deduce that 

lim fn{z) = 

n^oo 1 — 0/, 

uniformly on compact subsets of C \ M. Indeed, for a fixed compact set 
K C C \ M there exist constants r G (0, 1), > 1 and a positive integer 
number no such that 

|^n(-2)| < |Cn(-2)| < R-, for 71 > Uq, Z & K. 

Thus 

\fniz)\ <r\fn-2iz)\+ R, for n>no, z e K, 

and therefore we deduce that the sequence (fn) is uniformly bounded on 
compact subsets of C \ M. 
^From (j23p . we can write 

fniz) -Y^^=bL 

with 

e„(z) = {bn{z) - bL)fn~2{z) + C„(z) - 1. 

Notice that lim„e„(2) = 0, uniformly on compact subsets of C \ M. From 
the fact 1 6^1 < 1, it is easy to deduce that 

lim fn{z) = ^ , 

ra^oo 1 — 

uniformly on compact subsets of C \ M. Taking into account the value of 6l 
with L E [0, +cxd], the Theorem is proved. □ 
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l-bL 
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